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A new stability analysis method for a class of fuzzy control systems based on Takagi–Sugeno
models and PID controllers is proposed in this paper. It has shown that the traditional Takagi–
Sugeno fuzzy state models with certain matrix structures are equivalent to fuzzy transfer function
models, which have two consequents in each rule. Then, when the PID controllers utilising the over-
all closed-loop system behave like an uncertain aﬃne system. So we can use some results from robust
control theory to analyse the system stability.
 2006 Elsevier Inc. All rights reserved.
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A fuzzy model called Takagi–Sugeno (TS) fuzzy model for non-linear systems was pro-
posed in [1]. By using this modelling approach, a complex non-linear system can be rep-
resented by a set of fuzzy rules of which the consequent parts are linear state equations.
The complex non-linear plant can then be described as a weighted sum of these linear state
equations. This TS fuzzy model is widely accepted as a powerful modelling tool. Their
applications to various kinds of non-linear systems can be found in [3–5]. Based on the
TS fuzzy model of the plant, Tanaka et al. proposed a parallel distributed compensation0888-613X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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110 L.H. Lan / Internat. J. Approx. Reason. 46 (2007) 109–119(PDC) technique to design fuzzy logic controllers (FLC) [4–6]. This technique derives
fuzzy control rules according to each model rule of a TS fuzzy plant model. Each control
rule uses the same premise of the corresponding model rule. On combining the TS fuzzy
plant model and the FLC, the number of fuzzy sub-systems [2] generated can be as large as
(r(r + 1))/2, where r is the total number of rules of the TS fuzzy model. A suﬃcient
condition to ensure the stability of the overall closed-loop systems is to ﬁnd a common
Lyapunov function which can satisfy all the fuzzy sub-systems [2–5].
However, a drawback of this stability design approach is that it is diﬃcult to ﬁnd the
common Lyapunov function for the large number of fuzzy sub-systems. Recently, many
researchers [3–5] have applied diﬀerent methods to ﬁnd the common Lyapunov function.
Nevertheless, these methods involve complex calculations without guaranteeing a solution;
the problem of ﬁnding the common Lyapunov function remains open. In view of these
weaknesses, a new FLC is proposed in [7]. This proposed FLC also applies the PDC design
approach. However, there are two consequences in the consequent part of each control
rule of the FLC: a numerator and a denominator part of the control signal. While the
number of involved fuzzy sub-systems remains the same, the overall closed-loop TS fuzzy
model based system can be linearised as a transfer function with arbitrary designed coef-
ﬁcients. Hence, a common Lyapunov function is not needed to guarantee the system
stability. Also, the closed-loop system performances can be designed because the TS con-
troller generates a closed-loop linear system. The trade-oﬀ for the guaranteed performance
is to limit it to that of a linear system. However, in practice the same system performance
for all diﬀerent operating points is not reasonable or can not always be achieved and
besides all system states need to be measurable and controllable.
Unlike the above studies about fuzzy TS state model, in this paper we propose the fuzzy
TS transfer function model for SISO system, which is widespread in industrial applica-
tions. We show that the traditional TS fuzzy state model is equivalent to TS fuzzy transfer
function model with two consequences in the consequent part of each control rule of the
FLC: a numerator and a denominator part for a certain class of SISO systems. Using this
fuzzy model for both plant and PID controller, the overall closed-loop system become an
aﬃne family of linear systems and then we can apply the results in robust control theory to
analyse the system stability.2. Takagi–Sugeno fuzzy transfer model
A classical continuous-time TS fuzzy model for SISO system is represented by a set of
fuzzy IF–THEN rules written as the followings:
ith rule :
IF x1 is Mi1 and . . . ; xn is Min THEN _x ¼ Aixþ Biu; i ¼ f1; . . . ; rg
y ¼ Cx
ð1Þwhere x 2 Rn is the state vector, i = {1, . . . , r}, r is the number of rules, Mij are input fuzzy
sets, and the matrices Ai 2 Rn·n, Bi 2 Rn·1, C 2 R1·n.
Using singleton fuzziﬁers, max–product inference, and weighted average defuzziﬁers,
the aggregated fuzzy model is given as the following:
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Pr
i¼1wiðxÞðAixþ BiuÞPr
i¼1wiðxÞ
ð2Þ
where wi is deﬁned as
wiðxÞ ¼
Yn
j¼1
lijðxjÞ ð3Þ
and lij is the membership function of jth fuzzy set in the ith rule.
Now deﬁning
ai ¼ wiðxÞPr
i¼1wiðxÞ
ð4Þ
we can write (1) as
_x ¼
Xr
i¼1
aiðAixþ BiuÞ
y ¼ Cx
ð5Þ
It is assumed that
wi P 0;
Xr
i¼1
wiðxÞ > 0 ð6Þ
therefore,
0 6 ai 6 1 ð7Þ
and
Xr
i¼1
ai ¼ 1 ð8Þ
Now we shall try to ﬁnd the equivalent fuzzy TS transfer function model. We can easily
verify that the following fuzzy model:
ith rule:
IFx1 is Mi1 and . . . ; xn is Min THEN Y iðsÞ=UiðsÞ ¼ P iðsÞ ð9Þ
where Pi(s) – ith local system transfer function, with the overall aggregated model
P ðsÞ ¼ Y ðsÞ=UðsÞ ¼
Xr
i¼1
aiP iðsÞ ð10Þ
does not correspond with fuzzy TS model (1).
In this paper, the ith fuzzy IF–THEN rule of the TS fuzzy model of a SISO system is of
the following form:
ith rule:
IF x1 is Mi1 and . . . ; xn is Min THEN num½P iðsÞ ¼ biðsÞ
¼ bimsm þ    þ bi1sþ bi0 and den½P iðsÞ ¼ aiðsÞ ¼ sn þ ain1sn1 þ    þ ai0 ð11Þ
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sets, m < n and Pi(s) = num[Pi(s)]/den[Pi(s)] is the ith system transfer function.
Using singleton fuzziﬁers, max–product inference, and weighted average defuzziﬁers,
the aggregated fuzzy model is given as the following:
P ðsÞ ¼ num½P ðsÞ=den½P ðsÞ ð12Þ
where
num½P ðsÞ ¼
Xr
i¼1
aib
iðsÞ ð13Þ
den½P ðsÞ ¼
Xr
i¼1
aiaiðsÞ ð14Þ
So the overall plant dynamics can be written as
P ðsÞ ¼
Pr
i¼1aib
iðsÞPr
i¼1aia
iðsÞ ð15Þ
Now we shall study the relation between the introduced TS fuzzy transfer function
model (11) and the classical TS fuzzy state model (1) and show that they are equivalent
in some conditions.
Lemma 1. The TS fuzzy state model (1) with the following Frobenius canonical structure
Ai ¼
0 1 0 . . . 0
0 0 1 . . . 0
: : : . . . :
: : : . . . :
0 0 : . . . 1
ai0 ai1 : . . . ain1
2
666666664
3
777777775
; Bi ¼
0
0
:
:
0
bi0
2
666666664
3
777777775
C ¼ ½ 1 0     0 
ð16Þ
where Ai 2 Rnxn, Bi 2 Rnx1, C 2 R1xn is equivalent to the TS fuzzy transfer function model
(11) with bij ¼ 0, i = 1, . . ., r, j = 1, . . .,m.Proof. The overall aggregated model of (11) is
P ðsÞ ¼
Pr
i¼1aib
iðsÞPr
i¼1aia
iðsÞ ¼
Y ðsÞ
UðsÞ
Denoting the following state variables:
x1 ¼ y; x2 ¼ _y; . . . ; xn ¼ yðn1Þ
we have
_xn ¼ 
Xr
i¼1
aiðxÞai0x1 
Xr
i¼1
aiðxÞai1x2     
Xr
i¼1
aiðxÞain1xn þ
Xr
i¼1
aiðxÞbi0u
This is the matrix form (5) with the above mentioned matrices Ai, Bi, C in (16). 
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due to the facts: it is possible to transform from the other state space form to the canonical
form and in the TS fuzzy model the state variables in the premise part may be not identical
with the state variables in the consequent part.3. Stability analysis for the closed-loop fuzzy systems
First, let us recall some important results in the ﬁeld of robustness analysis for systems
with linear parameter perturbation, stimulated by the famous Kharitonov theorem [8]. For
the case of interval polynomial, in which the coeﬃcients are independent, its robust stabil-
ity can be obtained by checking four specially readily constructed Kharitonov polynomi-
als. But for the case in which the coeﬃcients of an uncertain polynomial have an aﬃne
linear uncertainty structure, we must check stability of some edge polynomials.
3.1. Robust stability of uncertain polynomials with aﬃne linear uncertainty structure
Consider a family of polynomials
Hðs; kÞ ¼ anðkÞsn þ    þ a1ðkÞsþ a0ðkÞ; k 2 Q  Rl ð17Þ
where a1(k) are real aﬃne functions and Q is a box in R
l:
Q ¼ fk : ki 6 ki 6 kþi ; i ¼ 1; . . . ; lg ð18Þ
Let qi and qi+1 be extreme points of Q having the property that the straight line joining qi
and qi+1 is an edge of Q. Then the polynomial segment corresponding to this edge has the
form:
Siðs; cÞ ¼ ð1 cÞHðs; qiÞ þ cHðs; qiþ1Þ ð0 6 c 6 1Þ ð19Þ
and is called edge polynomial.
In general, on the basis of robust control theory, a robust stability condition of system
(17) and (18) can be obtained by verifying the stability of l2l1 edge polynomials corre-
sponding to the edges of the box Q [9,10].
Lemma 2 (Edge theorem [9–11]). The polynomial H(s,k) is robustly stable over the whole
uncertainty box Q if and only if H(s,k) is stable along the edges of Q.
The mentioned total number can be reduced to 2l only on a particular case when the
function H(jx,k) has the so-called D-property (its derivatives gi(x,k) = oH(jx,k)/oki5 0,
i = 1, . . . , l and Im(gi(x,k)/gk(x,k))5 0; i,k = 1, . . . , l) [10,12].
The above result reduces the problem of robust stability to checking the stability of a
ﬁnite number of one-parameter polynomials. This can be written in the following explicit
form.
Lemma 3 (Frequency criterion [10]). The following three conditions are necessary and
sufficient for the robust stability of (17) and (18):
(a) Hr(s) = H(jx, q1) is strictly Hurwitz.
(b) a0(k) > 0, an(k) > 0 for all k 2 V, where V is a set of all vertices of Q.
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W iðjxÞ ¼ Hðjx; qiþ1Þ=Hðjx; qiÞ; i ¼ 1; . . . ; 2lðl1Þ ð20Þ
do not intersect the negative real half axis [0,1] for all 0 6 x <1.Proof. Clearly that the ﬁrst and second conditions are necessary. Following the edge the-
orem for robustness of the family (17) and (18) we must check the stability of l2(l1) edge
polynomials (19). Note that (19) is one-parameter family of polynomials. Suppose that a
polynomial H(s,qi) is stable (the ﬁrst condition) and a family (19) has invariant degree
(the second condition), then by using zero exclusion principle [11], it is robustly stable if
and only if the 0 62 Si(jx,c), 0 6 c 6 1, 0 6 x <1 . This is equivalent to the third
condition. h3.2. Robust stability of the closed-loop fuzzy systems
Let us consider the fuzzy closed-loop control system, where the proposed fuzzy transfer
model concept is applied for both plant and controller:
Plant rule ith:
IF x1 is Mi1 and . . . ; xn is Min THEN num½P iðsÞ ¼ biðsÞ ð21Þ
and den½P iðsÞ ¼ aiðsÞ
Controllerrule ith:
IFx1 is Mi1 and . . . ; xn is Min THEN num½CiðsÞ ¼ diðsÞ
and den½CiðsÞ ¼ ciðsÞ ð22Þ
where the polynomials ai(s), bi(s), ci(s), di(s) have the degrees na, nb, nc, nd respectively and
singleton fuzziﬁers, max–product inference, weighted average defuzziﬁers are used.
Suppose that
ciðsÞ ¼ eðsÞbiðsÞ ð23Þ
where e(s) is a given polynomial with degree ne.
Denote Q a box in Rr1:
Q ¼ fa : 0 6 ai 6 1; i ¼ 1; . . . ; r  1g ð24ÞTheorem 1. The fuzzy closed-loop system (21)–(23) is stable if and only if the
polynomialHðs; aÞ ¼
Xr
i¼1
aid
iðsÞ þ eðsÞ
Xr
i¼1
aiaiðsÞ ð25Þ
is stable along the edges of Q.Proof. From the above fuzzy plant rules (21) and controller rules (22) we can derive the
aggregated fuzzy models for them as follows:
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Pr
i¼1aib
iðsÞPr
i¼1aia
iðsÞ
CðsÞ ¼ num½CðsÞ=den½CðsÞ ¼
Pr
i¼1aid
iðsÞPr
i¼1aic
iðsÞ
where
0 6 ai 6 1
and
Xr
i¼1
ai ¼ 1
Applying (23) we can write the formula for the closed-loop characteristic polynomial as
Hðs; aÞ ¼
Xr
i¼1
aid
iðsÞ þ eðsÞ
Xr
i¼1
aiaiðsÞ
This is a family of polynomials with aﬃne linear uncertain structure, where uncertain
parameters ai varying in box Q (the box dimension is reduced from r to r  1 due to
the fact that
Pr
i¼1ai ¼ 1). So the theorem is obtained by applying Lemma 2 (edge
theorem). h
In order to check the stability of the edge polynomials we can apply the Lemma 2
demonstrated in the case of using PID controller below.3.3. The fuzzy closed-loop system with PID controllers
Let us consider the fuzzy closed-loop system, where both the plant and PID controller
are represented by the TS fuzzy transfer function model.
For the plant, suppose that
bij ¼ 0; j ¼ 1; . . . ; nb ð26Þ
and
ain ¼ 1; i ¼ 1; . . . ; r ð27Þ
For the controller, suppose that the following real PID controller is used
CðsÞ ¼ KP þ KIs þ
KDTs
1þ Ts ð28Þ
So in the formula (22) for equivalent fuzzy controller we have:
diðsÞ ¼ T ðKiP þ KiDÞs2 þ ðTKiI þ KiP Þsþ KiI ; for real PID controller
¼ T ðKiP þ KiDÞsþ KiP ; for real PD controller
ciðsÞ ¼ sð1þ TsÞbi0; eðsÞ ¼ sð1þ TsÞ; for real PID controller
¼ ð1þ TsÞbi0; eðsÞ ¼ 1þ Ts; for real PD controller
ð29Þ
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Hðs;aÞ ¼ Tsnþ2 þ ðTarn1 þ 1Þ þ
Xr1
i¼1
aiT ðain1  arn1Þ
" #
snþ1
þ ðTarn2þ arn1Þ þ
Xr1
i¼1
aiðT ðain2  arn2Þ þ ðain1  arn1ÞÞ
" #
snþ . . .
þ T ðKrP þKrD þ ar0Þ þ ar1 þ
Xr1
i¼1
aiðT ðKiP KrP þKiDKrDþ ai0  ar0Þ þ ai1  ar1Þ
" #
s2
þ TKrI þKrP þ ar0 þ
Xr1
i¼1
aiðT ðKiI KrIÞ þKiP KrP þ ai0 ar0Þ
" #
s
þKrI þ
Xr1
i¼1
aiðKiI KrIÞ; for system with real PID controller,
ð30Þ
¼ Tsnþ1 þ Tarn1 þ 1þ T
Xr1
i¼1
aiðain1 arn1Þ
" #
sn
þ Tarn2 þ arn1 þ
Xr1
i¼1
aiðT ðain2  arn2Þ þ ain1  arn1Þ
" #
sn1þ . . .
þ Tar1 þ ar2 þ
Xr1
i¼1
aiðT ðai1 ar1Þ þ ai2  ar2Þ
" #
s2
þ T ðar0þKrP þKrDÞ þ ar1 þ
Xr1
i¼1
aiðT ðai0  ar0þKiP KrP þKiDKrDÞ þ ai1  ar1Þ
" #
s
þ ar0 þKrP þ
Xr1
i¼1
aiðKiP KrP þ ai0  ar0Þ; for system with real PD controller,
where
0 6 ai 6 1; i ¼ 1; . . . ; r  1: ð31ÞTheorem 2 (Frequency criterion). The following conditions are necessary and sufficient for
robust stability of the closed-loop fuzzy control system with PID controller (21), (22), (26),
(27), (29):
(a) Hr(s) = H(jx, q1) is strictly Hurwitz,
(b) The lowest order coefficient of polynomial H(s,a) is positive for all qi 2 V,
(c) (r  1)2r2 plots:
W iðjxÞ ¼ Hðjx; qiþ1Þ=Hðjx; qiÞ; i ¼ 1; . . . ; ðr  1Þ2r2 ð32Þ
do not intersect the negative real half axis [0,1] for all 0 6 x <1, where qi is vertex and
V is a set of all vertices of box Q (24).
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Substituting (29) into (25) after some manipulation one obtains the following characteris-
tic polynomials:
Hðs; aÞ ¼ Tsnþ2 þ
Xr
i¼1
aiðTain1sn þ 1Þsnþ1 þ
Xr
i¼1
aiðTain2 þ ain1Þsn þ . . .
þ
Xr
i¼1
ai½T ðai0 þ KiP þ KiDÞ þ ai1s2 þ
Xr
i¼1
aiðai0 þ KiP þ TKiIÞsþ
Xr
i¼1
aiKiI
for system with real PID controller; ð33Þ
¼ Tsnþ1 þ
Xr
i¼1
aiðTain1 þ 1Þsn þ
Xr
i¼1
aiðain1 þ Tain2Þsn1 þ . . .
þ
Xr
i¼1
aiðai2 þ Tai1Þs2 þ
Xr
i¼1
aiðai1 þ Tai0Þsþ
Xr
i¼1
aiai0;
for system with real PD controller;
where 0 6 ai 6 1, i = 1, . . . , r.
Keeping in mind that
ar ¼ 1 ar1      a2  a1
the above polynomials can be rewritten as in (30).
The proof of the theorem is completed by directly applying Lemma 3 for polynomials
(30), where their highest order coeﬃcient are always positive. hRemark. In fuzzy logic sometimes the Eq. (8) may be not obligatory. In such cases the
above results are still valid with a small change: the polynomials (33) must be taken to
consider instead of the polynomials (30), and as a consequence the number of edge
polynomials or graphs in Theorems 1 and 2 is increased to r2r1 according to the box
Q  Rr.4. Examples
Consider the following air-conditioning system [13]. The equation of temperature is
given by
_T n ¼ ð1=T 1 þ 1=T 2ÞT n  T n=ðT 1T 2Þ þ k1k2u=ðT 1T 2Þ
where Tn is the temperature of the house, and _T n is the variation rate of the temperature,
T1 is the time constant of the house, T2 is the time constant of the heater, k1 is the ampli-
ﬁcation factor of the thermostats, k2 is the ampliﬁcation factor of the actuator, u is the
control. To analyse the stability of the system where Tn = 20, let x1 = Tn  20, _x1 ¼ x2,
we transform the problem to the analysis of the system stability at Tn = 0.
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If x1 is P then
_x ¼ 0 10:0493 1:0493
 
xþ 0
0:4926
 
u
If x1 is N then
_x ¼ 0 10:0132 0:4329
 
xþ 0
0:1316
 
u
The membership functions are deﬁned by
MP ðx1Þ ¼ 1 1=ð1þ e2x1Þ
MN ðx1Þ ¼ 1MP ðx1Þ ¼ 1=ð1þ e2x1Þ
Using the presented Lemma 1 TS fuzzy state model can be described in the form of TS
fuzzy transfer function model as
If x1 is P then num½P 1ðsÞ ¼ b10 ¼ 0:4926
den½P 1ðsÞ ¼ a1ðsÞ ¼ s2 þ 1:0493sþ 0:0493
If x1 is N then num½P 2ðsÞ ¼ b20 ¼ 0:1316
den½P 2ðsÞ ¼ a2ðsÞ ¼ s2 þ 0:4329sþ 0:0132
Suppose that the following real PID controllers are used:
T ¼ 0:3; K1P ¼ 4; K1I ¼ 0:025; K1D ¼ 2:45; K2P ¼ 5; K2I ¼ 0:006; K2D ¼ 3:5:
Then the uncertain closed-loop system characteristic polynomial and two vertex poly-
nomials are as the following:
Hðs; aÞ ¼ 0:3s4 þ ð1:12987þ 0:18492a1Þs3 þ ð2:98686þ 0:01223a1Þs2
þ ð5:015 0:9582a1Þsþ 0:006þ 0:019a1
H 2ðsÞ ¼ Hðs; 0Þ ¼ 0:3s4 þ 1:12987s3 þ 2:98686s2 þ 5:015sþ 0:006
H 1ðsÞ ¼ Hðs; 1Þ ¼ 0:3s4 þ 1:31479s3 þ 2:99909s2 þ 4:0568sþ 0:025Fig. 1. Real Positiveness of W1(jw).
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cients are positive.
The graph W1(jx) = H(jx, 1)/H(jx, 0) represented in Fig. 1 shows that the closed-loop
system is robustly stable according to theorem 2.
5. Conclusion
This paper proposes a new method for stability analysis of fuzzy control systems based
on TS fuzzy models and PID controllers. First, the problem of transformation from tra-
ditional TS fuzzy state model to TS fuzzy transfer function model is addressed. Second, it
is shown that for a certain class of fuzzy control systems using TS fuzzy models and PID
controllers, the overall closed-loop will be a family of linear systems with aﬃne uncertain
parameters. Hence, the fuzzy system stability can be analysed by some simple graphs with-
out the need of ﬁnding a common Lyapunov function for a large number of fuzzy sub-sys-
tems. The design of fuzzy control system for speciﬁed performance would be the next
study.
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